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Let j, K be positive integers, S a symmetric real n by n matrix throughout 
this paper. Consider a Holder type inequality 
(u, s%l)j+” < (u, u)ql, sj+%l)j. (1) 
If S is positive semidefinite it holds for each real n-vector u, being just Holder’s 
inequality. Ifj + k is even it holds for all u, S as a corollary of the previous 
case [I, pp. 261-265, 277-2791. If S, u are nonnegative it holds [2] if i = 1. 
If ,j is even, k odd, it fails for 
as Prabir Roy noticed. So assume for the remainder of this paper that j and 
j + k are odd. What if S and u are nonnegative ? We give sufficient conditions 
for the validity of (1) below. The method of proof, Frechet differentiation, 
leads to a new proof of the result in [2]. We give it here to introduce the 
technique. Let lVn be the boundary of the half cone consisting of all non- 
negative n-vectors. 
THEOREM 1. I f  S and u aye nonnegative and j = 1 the inequality (1) holds. 
If S has a nonxero entry, u 4 W, and u is not a characteristic vector of S the 
inequality is strict. 
PROOF: Assume S has a positive entry. Then S has a nonnegative 
characteristic vector w with positive characteristic value X such that if X* 
is any characteristic value of S then ( X* 1 < h [3, p. 801. The theorem is 
true if n = 1. So let n > 2 and assume its truth for each nonnegative integer 
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n* < n. It holds for n if u E IV,, . For then ui = 0 for some i. Let u(i) be 
the (n - 1)-vector gotten by deleting the ith component of u. Let S(i) be 
the n - 1 by r~ - 1 matrix obtained by striking out the ith row and column 
of S. Then, by induction, 
(u, su)‘+” = (u(i), S(i)U(i))‘~‘~“’ < (u(i), u(i))“(u(i), S(i)l+b(i)) 
< (u, u)k(U, s+“u). 
So assume u $ W, and let f(v) = (v, Sic%) - (v, v)-k(v, Sv)l-’ Jc for each 
v  # 0. Then 
f!vW = l$$f(u + 4 -f(uM 
= 2(u, S1fkW) - 2( --K)(u, u)-yl, w)(u, su)l+” 
- 2( 1 + K)(u, u)-yu, Su)“(u, SW) 
= 2(u, w)[hl+” - (1 + K)X((u, Su)/(u, u))” + Iz((u, Su)/(u, u))““]. 
Let h(7) = X1+k - (1 + k)W + W+” for each 7. Then h(h) = 0 and 
h’(T) = (1 + A)&“-l(T - A) f  or each 7. Consequently h(7) 3 0 if 7 > 0. 
Clearly (u, w) > 0 and (u, Su)/(u, u) > 0. Therefore f,(u) > 0. There is a 
unique nonnegative /3 such that u - /3w = y  E W, .f(u) = 0 if y  = 0. Thus, 
again by induction, 
f(u) = f(Y + Pw> Bf(Y) 3 0. 
If  f(u) =f(y) = 0 then f,(u) = 0. H ence (u, Su)/(u, u) = h and so u is a 
characteristic vector of S. 1 
The result [2] follows easily from Theorem 1. The proof above depends 
on the special role of W, and the inequality jJu> 2 0, where w is a non- 
negative characteristic vector of S. If  j > 1 then W, does not seem to play 
this role and, though there are analogous derivative inequalities, we cannot 
show that the inequality (1) holds for each nonnegative n-vector u if S is 
nonnegative. Let C be a set of 71 pairwise mutually orthogonal unit charac- 
teristic vectors of S. If  w E C let X(W) be the characteristic value of w. 
u and v  are, by definition, in the same cone with respect to C if 
(v, w)(u, w) 3 0 for each w E C. 
LEMMA 1. Let b(7) = 1 - (1 + k/j)~~'j + (klj)~l+~'j JOY each 7. Then for 
efzch u, v  such that (u, v) # 0 
(u, sj++) - (u, v)-“/i(u SjV)l+W 
= 2 (v, w)(u, w)x~w)“*b(x(w)-‘(u, Sk)/(u, v)). 
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PROOF: Fix u and let a(v) = (u, Sj+%) - (u, v)-~/~(u, Sjv)r+“lj for each v. 
IfWEC 
&v(v) = lj$p(v + 4 - +>yc 
= (u, w)x(w)j+“[l - (1 + k/j)(x(w)-j(u, S%)/(u, ~))~/j 
+ (k/j)(x(w)-j(u, Sjv)/(u, V))l+kq. 
Note that a,(v) = a(v) and v = CWEc (w, v)w for each v. Thus u(v) = 
xwEC (w, v)u,(v) for each v. i 
b(1) = 0 and b’(7) = (j + k)K@ljA1(7 - 1)/j” 
for each 7. Therefore 
b’(T) > 0 if 7 < 0, 
b’(T) < 0 if 0<7<1, 
b’(T) > 0 if 1 < 7. 
Consequently b(7) 3 0 if 7 > 0, and b(~*) < b(--1) = --2/z/j < 0 if 
T* < -1. b has just two real zeros. b(ol) = b(1) = 0 for some 01, 
-(l + 2K/j)-i(j+“) < 01 < 0. If k = 2j then 01 = -l/2. Let 
p = min{O} U {x(w) : w fz C}. 
LEMMA 2. If u and v  are in the same cone with respect to C and 
c$(u, v) < (u, WV) then 
0% SW+” < (u, V)k(U, fy++y* 
PROOF: (u, Si+%) = (u, Sk) = 0 if (u, v) = 0. Otherwise the conclusion 
follows from Lemma 1. i 
THEOREM 2. If u and S are nonnegative and the largest characteristic value 
of S is 1 then the inequality (1) holds if 
-oL(u, u) < (u, Shl) 
or if 
(-a)l/j(u, u) < (u, Su). 
PROOF: p 2 -1. If the latter inequality above holds the former follows 
from Theorem 1, and if the former holds the theorem follows from Lemma 2.1 
4 BLAKLEY AND DIXON 
REFERENCES 
1. F. RIESZ AND B. SZEGO-NAGY, Functional Analysis. Ungar, New York, 19.55. 
2. G. R. BLAKLEY AND PRABIR ROY, A Hb;lder type inequality for symmetric matrices 
with nonnegative entries. Proc. Am. Math. Sot. in press. 
3. F. R. GANTMACHER, “Applications of the Theory of Matrices.” Interscience, 
New York, 1959. 
